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1 Characters of S,

1.1 Induced M* representations and p-flags

Last time, we found a character of Sy, but we didn’t quite know what representation it
corresponded to. Let’s try to understand this a little better.

Definition 1.1. Let u = (u1,. .., 1) be a partition of n. Define

M* = indg" 1

g XX Spy T

Example 1.1. Let u = (n — 1,1). then M~ bl = ind?iil 1. dim(M™~b') = n. This is
the natural representation.

Definition 1.2. Let p = (p1,..., ux) be a partition of n. A p-flag on [n] is @ C A; C
Ay C -+ C [n] such that |A1| + w1, |A2] = p1 + p2, and so on.

Example 1.2. Let y = (n—k, k), where 1 < k <n/2. Then u-flags are in correspondence
with (n — k) subsets of [n]: @ C A; C [n].

Example 1.3. Let p = (1™). p-flags are in correspondence with S,,, where o — A; C

- C Ay, and 4; = {0(1),0(2),...0(i)}.

1.2 Structure of the M* representations of 5,

Definition 1.3. Let G be a finite group, and let X be a finite set. Let G O X. Then
there is a permutation representation ¢ : G — Sx.

Equivalently, there is a permutation representation p, : G — GL(V') over C, where
V =C(x).

Proposition 1.1. M* is a permutation representation of Sp on u-flags of [n] = {1,...,n}.



Example 1.4. Let p = (22). Then M* is the permutation representation of S, on 2-
subsets of [4]. dim(M?*) = (g) — 6. We claim that M? = S® @ 531 6§ where these
refer to the irreducible representations of Sy. Let’s calculate X, q2:

A1 212 22 31 4
Xz |6 2 2 0 0
zx |1 6 3 8 6
Proposition 1.2. Let v = (v1,1,...) = 1"™®2m2W) ... pe g partition of n, where m; is

the number of is in v. Then
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Theorem 1.1. M* = @, m, ,S*, where
1
my, )\ = (M‘LL,S)\> = HZZVXMH Vxgr[V]-
v

Theorem 1.2. The matriz [m, ] has nonnegative integer entries and is upper triangular
with 1s on the diagonal, where A < p is the lexicographic order.
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